We propose to use sub-wavelength confinement of light associated with the near field of plasmonic systems to create nanoscale optical lattices for ultracold atoms. Our approach combines the unique coherence properties of isolated atoms with the sub-wavelength manipulation and strong light-matter interaction associated with nano-plasmonic systems. It allows one to considerably increase the energy scales in the realization of Hubbard models and to engineer effective long-range interactions in coherent and dissipative many-body dynamics. Realistic imperfections and potential applications are discussed.
We propose to use sub-wavelength confinement of light associated with the near field of plasmonic systems to create nanoscale optical lattices for ultracold atoms. Our approach combines the unique coherence properties of isolated atoms with the sub-wavelength manipulation and strong light-matter interaction associated with nano-plasmonic systems. It allows one to considerably increase the energy scales in the realization of Hubbard models and to engineer effective long-range interactions in coherent and dissipative many-body dynamics. Realistic imperfections and potential applications are discussed. Coherent optical fields provide a powerful tool for manipulating ultracold atoms [1, 2] . However, diffraction sets a fundamental limit for the length-scale of such manipulations, given by the wavelength of light [3] . In particular, the large period of optical lattices determines the energy scale of the associated many-body atomic states [4] [5] [6] . The resulting scaling can be best understood by noting that in the first Bloch band the maximum atomic momentum ∼ 1/ , where is the lattice spacing. This sets the maximum kinetic energy to h 2 /m 2 [7] . For conventional optical lattices the lattice spacing is set by half the wavelength of the trapping light ∼ 500 nm; this yields corresponding tunneling rates of up to a few tens of kHz. Additionally, for atoms in their electronic ground states interactions are restricted to short range.
In this Letter we propose and analyze a novel approach to the realization of high-density optical lattices using the optical potential formed from the near field scattering of light by an array of plasmonic nanoparticles. By bringing atom trapping into the subwavelength and nanoscale regime we show that the intrinsic scales of tunneling and onsite interaction for the Hubbard model can be increased by several orders of magnitude compared to conventional optical lattices. In addition, subwavelength confinement of the atoms results in strong radiative interactions with the plasmonic modes of the nanoparticles [8] . The coupled atom-plasmon system can be considered as a scalable cavity array that results in strong, long range spin-spin interactions between the atoms with both dissipative and coherent contributions [9, 10] . Such a system can be used for entanglement of remote atoms as well as for novel realizations of coherent and dissipative manybody systems.
To illustrate our approach we first consider a single metallic nanosphere in vacuum illuminated by a plane wave. For spheres small compared to a wavelength the dominant contribution to the scattered field is the dipole term, where the induced dipole moment in the sphere is given by p = α(ω)E 0 with
where a is the radius of the sphere and ε is the permitivity of the nanosphere [11] . The total electric field is
Near ε(ω sp ) = −2 there is a plasmon resonance and the scattered field can be engineered to create an optical dipole trap as depicted in Fig. 1b . Specifically, when the applied field is linearly polarized on the blue side of the plasmon resonance then the induced dipole will be ∼ π out phase with the incident field, leading to two intensity minima along the polarization direction at the positions z
, where we took a Lorentzian polarizability near the resonance
, with κ the linewidth. Similarly, for red detuned, circularly polarized light, there will be two minima along the propagation axis. An atom can be trapped in these intensity minima via optical dipole forces provided the field is also on the blue side of the atomic resonance [2] . The trapping potential is given by Ω 2 /δ, where Ω = µ 0 · E/ is the Rabi frequency, µ 0 is the atomic dipole moment, and δ = ω a − ω is the detuning between the atom and laser. Expanding near the trap minima gives the trapping frequency ω 2 T = 9
The trap depth can be controlled by applying a second field with the opposite polarization because this induced dipole constructively interferes with the applied field at the position of the trap, reducing the overall trap depth as illustrated in Fig. 1c a cold, dense gas of atoms in a large trap and then adiabatically turning on the near field traps.
We now address several practical considerations. First of all, for alkali atoms there is a large disparity between the natural plasmon resonance and the atomic trapping transitions. For a solid silver sphere the plasmon resonance occurs near 350 nm [12] , compared to 780 nm for the D2 line in Rb. However, the plasmon resonance is easily tuned by changing the geometry. In this work we consider the case of adding an inert core, such as SiO 2 , to shift the plasmon resonance into the red [13] , as illustrated in the inset to Fig. 1c . Another approach would be to use nano-pyramids, where the dipole resonance is tunable by changing the aspect ratio of the pyramids [14] .
Because this proposal requires the atom to be trapped within a few tens of nanometers from the sphere, there will be significant surface interactions. Van der Waals (vdw) forces can be overcome with modest laser power because of the strong plasmonic enhancement of the trapping laser near the sphere [15] . There are two dominant sources of heating and decoherence arising from incoherent transitions induced by the trapping laser or thermal magnetic field noise in the nanoparticle . The first effect scales as γ Ω 2 /δ 2 , where γ is the atomic linewidth, and is suppressed at large detuning. To estimate the effect of magnetic field noise we approximate the nanoshell as a current loop of radius and height a, thickness t, and resistivity ρ. Then the incoherent transition rate between hyperfine states is
where r is the distance of the atom to the sphere center, g F is the hyperfine g-factor, µ B is the Bohr magneton, and T is the temperature [16] . Heating arises from both processes due to electromagnetic forces at the trap position which couple the motional states. The heating rate is reduced from the decoherence rate by a factor of 9 /2mr 2 ω T [17] .
Figures 1cd show the atomic trapping potential for a single sphere and an array, respectively. We numerically obtained the trapping potential in Fig. 1c using Mie theory and the vdw potential was obtained using the methods in Ref. [18] . To solve for the trapping potential in the array in Fig. 1d we approximated the scattered field from each nanoshell by a point dipole with a lorenztian polarizability and solved for the total field self-consistently. Using the parameters in Fig. 1c for trapping 87 Rb above a silver nanoshell at room temperature with Ω 0 = 25 GHz (corresponding to ∼ 10 8 I sat , where I sat ≈ 1.7 mW/cm 2 ) and δ = 25 THz, we estimate a trap depth of ∼ 25 MHz and a trapping frequency of ∼ 5 MHz. Both the magnetic field noise and laser detuning limit the decoherence rate to ∼ 10 Hz and the heating rate to ∼ 1 Hz, meaning that the atom can be trapped for ∼ 1 second.
The controlled patterning of arrays of metallic nanoparticles can be done by lithographically defining such arrays in a top-down approach or through the controlled self-assembly of metallic nanoparticles, such as spheres, in a bottom-up approach [19] [20] [21] [22] . In any nanofabricated system one must contend with disorder; the relevant disorder in this system occurs in the particle positioning and particle formation. In lithographic approaches one can control the particle formation at the level of 1-2 nm [20] . In bottom-up, self-assembly approaches it is possible to create large regions of well ordered crystal with a finite density of point and line defects, much like a conventional solid [22] . Due to the local nature of the traps the disorder in the particle positioning will not affect the trapping. Errors in the particle formation can influence the trap by shifting the plasmon resonance and the field enhancement of each particle. To achieve consistent traps the fractional error in the plasmon resonance should be smaller than its inverse quality factor Q = ω sp /κ, which for silver(gold) nanospheres goes up to 80 (20) depending the quality of the metal and finite size effects [12, 23] . Currently, metallic nanoshells can be made with a fractional error in the radius of less than 5%, which is comparable to the inverse of Q [24] . As a first example application of this system we consider a realization of the single-band Hubbard model in the novel regime of large atomic density [1] . Here the lattice spacing is limited only by fabrication technology and increasing surface interactions associated with scaling down the nanoparticle dimensions. As an example, Fig. 1d shows that the vdw attraction can be overcome for a lattice spacing of 60 nm, which is within current fabrication limits. Figure 2a illustrates the scaling for the maximum tunneling in the lowest band and the corresponding on-site interaction U 0 , which scales as 1/ 3 in this limit due to the increased confinement [7] . In the supplementary material we show that the tunneling rate can also be tuned through appropriate polarization control [17] .
In addition, these nanoscale traps reach a regime of atomic confinement where the ground state uncertainty becomes comparable to the free space scattering length (a 0 ∼ 5 nm for 87 Rb). For two atoms in a 3D isotropic trap the two-body scattering problem can be solved exactly, leading to an effective scattering length a eff (ω T ) which depends on the confinement energy [25, 26] . For example, a eff diverges when the scattering results in a π/2 phase shift on the wavefunction because the twoatom wavefunction will now coincide with the next excited harmonic oscillator state. The inset of Figure 2 shows the effective scattering length in the lowest vibrational state as a function of trap frequency [17] .
Disorder in the lattice has a strong effect on the Hubbard model. The effect of disorder on the single-particle physics is well understood [27] ; however, the interplay between interaction and disorder is an interesting new regime and will be considered elsewhere.
As a second example, we now consider long range interactions within the plasmonic lattice, associated with the strong radiative coupling between the atoms and spheres [28] . In essence, this can be viewed as a strongly coupled cavity QED system. The dipolar coupling between the atoms and the near field of the sphere is given by g ∼ µ 0 d 0 / 0 r 3 where d 0 is the quantized dipole moment of the sphere, which can be expressed in terms of the static polarizability α(0) as d 0 = ω sp α(0)/2 [29] . Since the plasmons are overdamped the relevant coupling is given by the Purcell enhancement factor P = g 2 /κγ. The plasmon linewidth has contributions from radiative and ohmic losses. We approximate the ohmic damping by its value in bulk, while the radiative damping rate is
Large spheres are radiatively broadened and, in this case, P ∼ (kr) −6 , while for small spheres P ∼ Qa 3 /k 3 r 6 . In both limits, when r λ/2π ∼ 100 nm the atoms enter the strong coupling regime P 1, see Figure 3a . For a lattice of nanospheres, intersphere coupling is also present and leads to delocalized plasmon modes in the lattice [30, 31] . These modes can be used to mediate long-range atom-atom interactions. As an example, we calculate the interaction of two atoms through these modes in a 1D chain of nanospheres. For each sphere in the chain we can write the self-consistent equation for their dipole moments as
where p n is the induced dipole moment of the nth nanopoarticle, E n is the incident field, and N nm is the 3x3 matrix that gives the dipole field at site n due to the dipole at site m. In the 1D system there are three orthogonal bands corresponding to two sets of transverse modes where the dipoles are oriented perpendicular to the chain and one set of longitudinal modes where they are oriented parallel. Definingp q to be the qth eigenvector of N nm with eigenvalue D q , then the effective polarizability of the qth mode is α 2 /κγ with changing system size assuming the atom is trapped at a distance of twice the sphere radius. (Inset) Single atom trapped above a nanosphere acts as cavity QED system with atomic and cavity losses γ and κ, respectively, and a coherent coupling g. An optical field can be used to drive the cavity transition. b) Shows the fidelity for generating a ground state singlet state between two atoms on the lattice with their separation after optimizing the optical and microwave fields. The entanglement is generated through interaction with the collective plasmon modes, where we took a Q of 100 for the plasmon resonance. (Inset) The atom-plasmon array acts as a scalable cavity QED system. Let us consider atoms trapped above the 1D array of spheres. The plasmonic modes can be adiabatically eliminated using standard methods in quantum optics to give an effective interaction between the atoms with both coherent and dissipative contributions [32] . For two-level atoms polarized parallel to the 1D chain the atomic density matrix evolution iṡ
δω nm = − 3 
where z is the position of the atoms above the sphere and q * = q * r + i q * i is the resonant wavevector such that α −1 q * (ω a ) = 0. The first line in Eq. 4 describes the coherent evolution and the second line describes the collective dissipation. Here we have neglected the contribution to the interaction from free-space radiative modes.
Eq. 5 and 6 indicate that the coherent and dissipative contributions are equally strong when the atom and plasmon are near resonant. Working far off resonance, however, results in purely coherent dynamics, which can be used to implement long-range interacting spin models including frustration [33, 34] . Alternatively, the collective dissipative dynamics can be used to prepare correlated atomic states [35] . As an example, we now show how to directly prepare a ground state singlet between two atoms separated by large distances on the lattice. We take two ground states |g and |s and an excited state |e which is coupled to |g via an external field and only decays via the plasmons back to |g (see inset to Fig. 3a ). An external microwave field mixes the two ground states. To prepare the singlet state |S = |gs − |sg we use a similar approach to Ref. [36] whereby the singlet state is engineered to be the steady state of a driven, dissipative evolution. We take a separation n such that cos q * r n = 1, then in a rotating frame we can rewrite Eq. 4
The first term in Eq. 7 describes the collective decay of the atoms into the plasmons, while the second term is the residual linewidth due to plasmon propagation losses. In this case the dynamics can be mapped to a cavity QED system by identifying γ 0n with the collective decay g 2 /κ and δγ n with the free space decay γ. The two excited states |eg and |ge split into a superradiant state |eg + |ge and a subradiant state |eg − |ge with decay rates 2γ 0n + δγ n and δγ n , respectively.
The singlet preparation proceeds as follows. First, we selectively excite the subradiant transition |gg to |ge − |eg by driving with a weak external laser field Ω ∼ δγ n γ 00 , which we take to have a π phase difference on the two atoms. Second, in order to make the singlet state a unique steady state, we apply a global microwave field to mix the triplet ground states without affecting the singlet state. With this combination of external fields the singlet state is excited at a rate Ω 2 /γ 00 while the triplet states are all excited at a much faster rate Ω 2 /δγ n . Additionally we assume that the state |e can decay to |s at a rate δγ n (which could be achieved e.g. by weakly mixing |e with another excited state) [17] . In the resulting dynamics, the pumping rate into the singlet state is Ω 2 /δγ n , while the pumping rate back into the triplets is Ω 2 /γ 00 . The steady state of this process gives the singlet state with fidelity F = S| ρ |S ∼ 1 − 1/P where P = γ 00 /δγ n is the effective Purcell factor. Fig. 3b shows the fidelity for two atoms with variable separation as obtained from numerical simulation of the master equation. Significant entanglement can be generated for atoms separated by many lattice sites.
To measure the correlations in this system, an all optical approach could be realized by making the nanoparticle array in the near field of a solid immersion lens (SIL), which enhances the resolution beyond the diffraction limit by a factor of n, the index of refraction of the SIL [37] . Combining a SIL with e.g. super resolution microscopy techniques would allow one to reach the requisite resolution of ∼50 nm at optical wavelengths [38] .
Our analysis shows that by combining cold atom techniques with nanoscale plasmonics, new regimes in controlling both the collective motion of atoms and atomphoton interactions can be reached. It may allow one to combine excellent quantum control of isolated atoms with nanoscale localization and strong interactions, thereby opening up exciting new possibilities for quantum control of ultracold atoms.
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